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Table 1 Conditions of the three scale tests considered
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and the relative velocity Reynolds number is defined by
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R " r : -
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SPL: 2o",s(u)

t/48
0.0508

10
0.12767

5.08x 10s
0.001358
-4.474

U4
0.6096

t2.5
1 .91511

1.62xrc6
0.009486
-t3.215

1
2.4384

15
9.19255

3.66x 107
0.02770
-24.797

(8)

sizes of this foil, small (laboratory 1/48 scale), medium (1/4
scale), and large (full scale). These hydrofoils are geometrically
similar and are operated at the same angle of attack. The tip vortex
flow field is represented by a Rankine line vortex for which the
rotation velocity, u 6 , zfld pressure, p., of the vortical flow are
given by

where R is the bubble radius, R6 and p n6 ar€ the initial bubble
radius and gas pressure, k is the polytropi-c gas constant, p, y, and
p are the liquid density, surface tension and viscosity, and p, is
the vapor pressure. P -(t) in the classical spherical model is the
liquid pressure at the bubble center in its absence. This obviously
does not account for pressure variations around the bubble sur-
face, and may lead here to unbounded bubble growth when the
pressure in the vortex center is less than the vapor pressure. Pre-
vious studies have used this simplification to determine cavitation
inception. In the cuffent study we apply a surface averaged pres-
sure (SAP) scheme in which P -(t) is taken to be the average of
the outside field pressure over the bubble surface. This enables for
a much more realistic description of the bubble behavior, e.g., the
bubble does not continuously grow as it is captured by the line
vortex. Instead, once the bubble reaches the vortex line axis, it can
see an increasing pressure around it as most of its surface moves
away from the axis pressure.

The bubble trajectory during capture can be predicted by the
following equation of motion, [12]:

d t u 3 3 3

d t p 4 K

where the drag coefficient Cp is determined using the empirical
equation of Haberman and Morton [13]:
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The circulation strength, f, is obtained based on the equation
described in Abbott and Doenhoff [9]:

r :  :  (oo*  lo ,  )  zncov* ,  (5)
z \  -  z  !

where V- is the freestream velocity. In Eq. (5) ttre coefficient ,46
depends only on the angle ofattack and the coefficientAl depends
only on the shape of the mean line. For the particular foils con-
sidered herc, I/2(A0+ I/ZAr):0.04 was empirically determined.
The viscous vortex core size, a,, is related to the turbulent bound-
ary layer thickness on the pressure side, [1], and has the following
expression:

0.31C0
o ' : - { '  ( 6 )

The minimum pressure coefficient in the vortex center is then
determined by

, r * ' :W: - - : / f ) ' .' " :os&,:-rm\a) Q)
The flow conditions and parameters for the three cases considered
are shown in Table 1.

2.2 Improved Spherical Bubble Dynamics Model (SAP).
As in conventional spherical bubble dynamics models we assume
that the bubble is too small to modify the "basic"'flow field. It
however responds dynamically to this field while remaining
spherical and its dynamics can be described by the Rayleigh-
Plesset equation, [10]. Conventionally, the bubble follows the
flow field and sees the liquid pressure, in its absence, at the loca-
tion of its center as a "far-field" imposed pressure. Here, we
modify this equation to account for the presence of a slip velocity
between the bubble and the host liquid, and to account for non-
uniform pressure fields along the bubble surface. The difference
between the liquid velocity u and the bubble translation velocity
ub, results in an added pressure term similar to that due to a
translating sphere in a liquid, and can be shown to be equal to
(u-a)2/4. The detailed derivation can be seen in [11]. Here we
account for this term in the modified Rayleigh-Plesset equation as
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Equation (9) expresses the balance between drag forces, pressure
gradients, and inertia forces due to bubble motion and volume
variation. Detailed derivation of (9) from a complete set of motion
equation for a spherical particle,lT4f, can be found among others
in  [8 ,15] .

The liquid pressure variations at a distance I from the bubble
center, resulting from the bubble dynamics is obtained using the
expression

(10)

( 1  1 )

(r2)

(14)
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t

t

t
t
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t

a

When />R Eq. (12) becomes the expression for the acoustic pres-
sure pd of Fitzpatrick and Strasberg [16] after introduction of the
delayed time t' due to the finite sound speed, c:

R p  r - R
p , ( t ,  ) -  

- - :  
[ R t i ( r , ) + z R z U , ) 1 ,  t '  : t -

l c

The noise level, SPL, can then be written as:

We use here the conventional value prer:10-6 N/m2.
With the prescribed pressure and velocity flow field given by

Eqs. (3) and (4), a Runge-Kutta fourth-order scheme is applied to
integrate Eqs. (8) and (9) through time to provide the bubble
trajectory and its volume variation during bubble capture by the
line vortex. Accuracy in the current numerical scheme is only
determined by the time-step size which is found to depend on the
initial bubble size. The time-step size should be small enough to
resolve the high frequency oscillations as the bubble experiences

l
I
l
t

;
I
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Fig. 3 Maximum SPL and bubble radius versus cavitation
number for the medium scale test in the constant vortex core
case

Table 3 Cavitation inception number obtained using various
illustrative acoustic criteria for defining cavitation inception

0.0028

E

[o.ooro
tt
E
tr
g 0.002
o
o
Io.ooro
E
o

0.00126 0.01 0.015
x (m)

Fig. 4 Diffusion of the vortex core through increase of its ra-
dius along the longitudinal direction

the vortex axis. The acoustic emission in this case is mainly from
the bubble growth and subsequent oscillations. The bubble col-
lapse, however, is known to generate most of the cavitation noise
and occurs after the grown bubble encounters an adverse pressure
gradient during its motion. To investigate this effect, a diffusive
line vortex was specified by taking into account a vortex core
radius inorease along the vortex axis as shown in Fig. 4 for the
small scale. The far-field description of the vortex (i.e., circula-
tion) was kept constant. This is justified by the fact that most of
the bubble history occurs over a very short distance from the
blade tip. The computations for the diffusive vortex core case
were conducted by releasing the bubbles at one half the core ra-
dius from the vortex axis with an initial nucleus equilibrium con-
dition. Figure 5 shows the resulting bubble radius variations and
the acoustic pressure versus time during the bubble capture for
R6:50ltr.m and o:4.471in the small-scale case.

It is seen that the bubble grows significantly then collapses
when it encounters the adverse pressure gradient. Due to the pres-
ence of gas in the bubble and to the absence of acoustic energy
loss it pursues many successive oscillations. This leads to high-
frequency oscillations and stronger acoustic emission than gener-
ated during growth. It is interesting to isolate the importance of
the slip-velocity pressure term in Eq. (8). The result for neglecting
the slip-velocity term is shown in Fig. 6. One can see that much

Ro=1Otrrm
Ro=25pm
Ro=50pm
Ro=l00Pm

Acoustic Criterion
Small
Scale

Medium Large
Scale Scale

- CP^n
sPL_u*
>90 db

sPL_u*
>130 db

R 6 : 1 0 ; r m
Rs:25 pm
Rs:50 1 ' rm
R 6 : 1 0 0  p m
Rs:  l 0  pm
Rs:25 pm
R6:50  pm

4.47
No Inception
ai :4.45
a 1 ) 7
cr;29
No Inception
a i :4 .36
o i :4 .36

13.22
o;:13.20
ai :13.21
o; :13.21
o ; )15
a i13 . l 7
o ; : 1 3 . 1 8
o r : 1 3 . 1 8

24.80
rr;:24.76
oi:24.77
o,:24.78
c;)26
o;:24.76
c,:24.76
ci:24.76

Rn:100  r rm cr, :4.37 cr , :13.19 o,:24.76

Table 4 Cavitation inception numbers obtained using various
illustrative optical criteria

:
t

t

t
t

l}

Optical

3.3 Cavitation Inception for Line Vortex With Diffusive
Vortex Core

3.3.1 Bubble Dynamics. In the previous section the pressure
along the vortex axis was assumed to remain constant. This al-
lowed the bubble to reach some equilibrium status after reaching
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0.0OE+00
0.001 0.002
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Fig. 5 Bubble radius and resulting acoustic pressure versus
time for the small scale with Bs:$0,trm al u:4.471 in a diffu-
sive line vortex
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a i :4 .51
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oi :73.20 cr ; :24.77
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Table 5 Cavitation inception number obtained using various
illustrative acoustic criteria for calling inception

Small
Scale

Medium
Scale

Ro=50pm Middle/Small
Ro=l00pm Mlddh/Small
Ro=SOpm Large/Small
Ro=l00pm Larye/Small
Ro=50pm Large/Mlddle
Ro=l00pm targe/Mlddle

rrl8l,"n"v (rotf'

Acoustic Criterion
Large
Scale

o
o

G|
0

o
Isl

C'

G'

o
E,
o
tr
t

GI

E
tr,
E
E

- CP^rn
SPL*. ,  R6:10 pm
>90 db Rs:25 pm

Re:50 p,m
R 6 : 1 0 0  p m

SPL-* R6:10 pm
>130 db Ro:25 p,m

Rs:50 ,ucm
Rn:100 rr ,m

4.47
o i :4 .31
a i :4 .71
o , )6
a i )7
No Inception
ai :4.45
rri:4.47
o, :4-49

13.22 24.80
o; :13.15 o, :24.59
o ; : 13 .38  o ; : 24 .88
o; )  13.5  c ; )75
cr,) 14 c,)25.5
oi: 13.13 a,:24.56
crt:13.22 ui:24.78
ar:13.25 c;:24.80
c,: 13.32 n,:24.85

Table 6 Cavitation inception number obtained using various
illustrative optical criteria for calling inception

Optical Criterion
Small
Scale

Medium
Scale

Large
Scale

- CP^n
R** )  R6 :10  pm
100 pm

4.47 13.22
No Inception o;:13.13

R.u*)

400 pm

Ro:25 pm
R 6 : 5 0  p m
Ro:100  / rm
R s : 1 0  p m
Rs:25 pm

c-4.45
c;:4,49
a; )5 .5
No Inception
o; :4 .39
ai :4 .41

oi :13.23
o,)13.5
o ; ) 1 4
ai :  13. I2
o, :13.22
o, :13.22

24.80
ai:24'59

a i :24 .82
o;)25
o ; )25 .5
crr-24.56
cf 24.77
c i :24 .78

cr': 13.24 o, :24,82

the bubble with smaller initial size is not always able to enter the
vortex center before the vortex core diffuses. To allow the smaller
initial bubble size to enter the vortex center before the voftex core
diffuses, further decreases of the cavitation number are required.
Unlike the maximum radius curves, the maximum SPL curves of
diffusive vortex core all differ significantly from those of the con-
stant vortex core, except at high cavitation numbers where the
acoustic signal created by the bubble collapse is not stronger than
that of growth.

Tables 5 and 6 show the cavitation inception numbers for all the
cases considered by choosing the same criteria as in Tables 2 and
3. Unlike in the constant vortex core case where one can select
appropriate acoustic and optical criteria such that the cavitation
inception number becomes well correlated by Eq. (2), it is very
difficult to define such an acoustic or optical criterion for the
diffusive vortex core case.

Another way of illustrating the scaling effect due to the nuclei
size is to show the cavitation number versus the ratio of the maxi-
mum radii obtained at two different scales. This is shown in Fig.
9. To correct for viscous effects the cavitation number is normal-
ized using Re0'4, [18], and the maximum radius using

0.96 0.98

o/Re{'a

Fig. 9 The normalized curves of the ratio of maximum radius
versus cavitation number for three different scale ratio and
three different initial bubble size

get trapped at the streamwise location where the vortex diffusion
starts to occur while the bubbles are carried downstream for the
middle and large scale. An attempt for normahzing the maximum
SPL curve has also been tried, but the normalized curves did not
merge well due to the difficulty in finding an appropriate charac-
teristic pressure.

3.4 Frequency Analysis. To study further the characteris-
tics of the emitted noise during capture of a bubble in a vortex one
can apply a Fourier transformation to the pressure signals. Figure
l0 compares the acoustic signals of both constant and diffusive
core cases in the frequency domain. Due to the stronger impor-
tance of the collapse in the case of a diffusive vortex, one can see
that the higher frequencies have much higher amplitudes when
compared to the constant vortex core case. The Fourier spectrum
for different Rs and in the diffusive vortex case are shown in Fig.
11 for the small scale. It is found that these curves can be cateso-
rized into three major groups according to their shapes.

104

R6:50  pm
Rn:100 rr ,m a , :4 .41

t
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The ratio is shown in Fig. 9 for the three groups: middle/small,
large/small, and large/middle. It is seen that for each group, the
curves of different Rs are on top of each other for high and low
cavitation number but deviate a lot right below the cavitation
inception point. The normalization factor applied in this study is
also expected to merge all the curves of different groups to be
equal to one at the low cavitation number. Figure 9, however,
shows that the curves of middle/small and large/small approach a
value less then one at the low cavitation number. This is because
at the low cavitation numbers and in the small scale the bubbles
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Fig. 10 Comparison of the amplitude spectra of the acoustic
pressure generated in a constant and a diffusive vortex core for
Flo:50 lrm in the small scale
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Larye Scale o=24.797

Fig. 15 Normalized amplitude spectra for various initial
bubble radii in the large scale

From frequency analysis, it was found that the amplitude spec-
trum of the acoustical signal can be categorized into three major
groups according to their shapes. For the first group, the curves
show two major peaks, one from the bubble growth signal and one
from the bubble collapse signal. For the second group, the curves
show a rather flat high-amplitude region, which is mainly due to
successive bubble collapses. For the third group, bubble growth,
collapse and pressure field have very similar frequencies and the
spectra exhibit only one major peak. By appropriately choosing
the normalization factor one can well normalize the first collapse
signal of the second group.
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Figure 14 shows F versus time computed using the pressure dif-
ference A,p: P *(t) - p u . This shows the same trend as the Wave-
let and Hilbert spectra and appears to give a good approximation
of the frequency of the acoustic signals.

From Eq. (17) it appears that the frequency of the first collapse
signal is controlled by the maximum radius and pressure gradient
at the location where the vortex core starts to diffuse. By appro-
priately choosing the norma[zation factor one can obtain a good
normalization of the collapse frequency of the second size group
discussed earlier. Figure 15 illustrates this for the large scale
where more tested nuclei sizes fall in the second group in this
scale. The frequencies and amplitudes are norrnahzed by F ̂
and A:

(17) References

[1] McCormick, B. W., 1962, "On Cavitation Produced by a Vortex Trailing from
a Lifting Surface," ASME J. Basic Eng., 84, pp.369-379.

[2] Fruman, D. H., Dugue, C., and Cerrutti, P., 1991, "Tip Vortex Roll-Up and
Cavitation," ASME Cavitation and Multiphase Flow Forum, FED-Vol. 109,
ASME, New York, pp.43-48.

[3] Arndt, R. E., and Dugue, C., 1992, "Recent Advances in Tip Vortex Cavitation
Research," Proc. International Symposium on Propulsors Cavitation, Ham-
burg, Germany, pp. 142-149.

[4] Fanell, K. J., and Billet, M. L., 1994, "A Correlation of Leakage Vortex
Cavitation in Axial-Flow Pumps," ASME J. Fluids Eng., 116, pp. 551-557.

[5] Arndt, R. E., and Keller, A. P., 1992, "Water 
Quality Effects on Cavitation

lnception in a Trailing Vortex," ASME J. Fluids Eng., 114, pp. 430-438.

[6] Latone, R., 1982, "TVC Noise Envelope-An Approach to Tip Vortex Cavi-
tation Noise Scaling," J. Ship Res., 26, pp. 65-75.

[7] Ligneul, P., and Latorre, R., 1989, "Study on the Capture and Noise of Spheri-
cal Nuclei in the Presence of the Tip Vortex of Hydrofoils and Propellers,"
Acustica, 68, pp. l-14.

[8] Hsiao, C.-T., and Pauley, L. L., 1999, "Study of Tip Vortex Cavitation Incep-
tion Using Navier-Stokes Computation and Bubble Dynamics Model," ASME
J. Fluids Eng.,l21^, pp. 198-204.

[9] Abbott I. H., and Doenhoff, A. E., 1959, Theory of Wing Sections, Dover, New
York.

[10] Plesset, M. S., 1948, "Dynamics of Cavitation Bubbles," ASME J. Appl.
Mech., 16, pp.228-231.

l _ ,  I  l L p, : t T - ' : Z R V 7

r lTpF^:  R^ V7'

L,P rR- R'-
u : - # : ; v p A P .

(18)

(19)

[11] Hsiao, C.-T., Chahine, G. L., and Liu, H. L., 2000, "Scerling Effects on Bubble
R,, is the maximum radius, / is the distance to the location where Dynamics in a Tip Vortex Flow: Prediction of Cavitation Inception a

the acoustic signal is computed, and Ap is the difference between ,,^. 
Noise." Technical Report 98007-lNSwC' Dynaflow,Inc., Jessup' MD.

the encounter pressure at the first and second bubble collapse. tt" 
iu'JJi:?';"t.t;,?lf"fi*'"trr#!t;,r'!;;;:::#""::ffk:::t;;';;;;::-7,
National Academy Press, Washington, DC, pp. 163-179.

4 Conclusions

We have used in this study bubble dynamics to predict the
cavitation inception in a line vortex flow. We have shown that
using the o: - C p minconventional engineering definition of cavi-
tation inception or the classical spherical bubble dynamics model
cannot explain experimentally observed nuclei scaling effects.
However, the "improved" SAP spherical model shows that the
nuclei sizes play an important role in scaling, especially when the
water contains only very small bubbles.

We have confirmed that the sources of high-frequency acoustic
emission are the initial bubble growth, and more importantly, the
subsequent bubble collapse when the bubble reaches the region
where the vortex diffuses. The adverse pressure gradient along the
vortex core was found to signiflcantly increase both the amplitude
and frequency of the acoustic emission during bubble capture by
the vortex.

60 / Vol. 125, JANUARY 2003

[13] Haberman, W. L., and Morton, R. K., 1953, "An Experimental Investigation of
the Drag and Shape of Air Bubbles Rising in Various Liquids," DTMB Report
802.

[14] Maxey, M. R., and Riley, J. J., 1983, "Equation of Motion for a Small Rigid
Sphere in a Nonuniform Flow," Phys. Fluids, 26, pp.883-889.

f l5l Chahine, G.L., 1979, "Etude Locale du Ph6nomlne de Cavitation-Analyse
des Facteurs R6gissant la Dynamique des Interfaces," doctorat d'etat es-
sciences thesis, Universitti Pierre et Marie Curie, Paris, France.

[16] Fitzpatrick, N., and Strasberg, M., 1958, "Hydrodynamic Sources of Sound,"
2nd Symposium on Naval Hydrodynamics, National Academy Press, Washing-
ton, DC, pp.2O1-205.

[17] Hsiao, C.-T., and Chahine, G.L'2002, "Prediction of Vortex Cavitation In-
ception Using Coupled Spherical and Non-Spherical Models and UnRANS
Computations" 24th Symposium on Naval Hydrodynamics, Fukuyoka, Japan,
National Academy Press, Washington, DC.

[18] Shen, Y., Chahine, G., Hsiao, C.-T., and Jessup, S., 2001, "Effects of Model
Size and Free Stream Nuclei in Tip Vortex Cavitation Inception Scaling," 4th
International Symposium on Cavitation, Pasadena, CA.

[19] Huang, N. et al., 1998, "The Empirical Mode Decomposition and the Hilbert
Spectrum for Nonlinear and Non-Stationary Time Series Analysis," Proc. R.
Soc. London, Ser. A, 454, pp. 903-995.

F requency (H Z)* Rn,*(pllp)t "

t

l

t

I
I
t

t
I
t
*

Transactions of the ASME


